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Abstract: For gravitational wave (GW) detected neutron star mergers, one of the leading candidates
for electromagnetic (EM) counterparts is the afterglow from an ultra-relativistic jet. Where this after-
glow is observed, it will likely be viewed off-axis, such as the afterglow following GW170817/GRB
170817A. The temporal behaviour of an off-axis observed GRB afterglow can be used to reveal the
lateral jet structure, and statistical model fits can put constraints on the various model free-parameters.
Amongst these parameters is the inclination of the system to the line of sight. Along with the GW
detection, the afterglow modelling provides the best constraint on the inclination to the line-of-
sight and can improve the estimates of cosmological parameters, for example, the Hubble constant,
from GW-EM events. However, modelling of the afterglow depends on the assumed jet structure
and—often overlooked—the effects of lateral spreading. Here we show how the inclusion of lateral
spreading in the afterglow models can affect the estimated inclination of GW-EM events.
Keywords: GW-EM counterparts; GRB afterglows; GW170817/GRB 170817A
1. Introduction
Electromagnetic (EM) counterparts to gravitational wave (GW) detected events (GW-
EM) are amongst the most promising multi-messenger astronomy sources. Where GWs are
detected from neutron star mergers, the potential EM counterparts include macro/kilo/
mergernova, Gamma-Ray Bursts (GRBs), and GRB afterglows [1]. For a GW detection of
a neutron star merger, the EM afterglows that are typically associated with GRBs offer a
unique opportunity to probe these systems via a new trigger, the GW signal. As GRBs are
highly beamed, they are typically seen at very small system inclinations to the line-of-sight;
however, a GW triggered GRB producing system will likely be seen at a much higher
inclination. In such cases, the prompt GRB will likely be absent, or faint, and the afterglow
will appear unique when compared to the cosmological population. GRB afterglows as
GW-EMs will probe the structure of the outflows and jets that produce a fraction of the
cosmological population of GRBs [2–5].
GW-EM counterparts can be used to maximise the science returns from GW astronomy,
and amongst their possible uses, the EM counterparts can help put constraints on various
cosmological parameters measurable via GW astronomy. For GRB afterglow GW-EM
counterparts, the rise index of the afterglow can give information about the lateral structure
of the jet, and by assuming a fixed jet profile or structure, this rise index can be used to put
tighter constraints on the inclination angle to the line-of-sight, ι, for an observed afterglow
(e.g., [6]). By improving the constraints on ι, the luminosity distance as measured by GWs,
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and a redshift from a host galaxy can be used to give tighter constraints on the Hubble
parameter, H0 (e.g., [7,8]). Here we ask the question, how does the inclusion or omission of
lateral spreading within the GRB afterglow calculation affect the inferred inclination angle
of an observed system?
The lateral spreading of the blastwave that produces a GRB afterglow has been
described via hydrodynamic simulations (e.g., [9]) and analytically (e.g., [10]), however,
lateral spreading is often neglected in simple afterglow modelling. The effects of lateral
spreading on radio images of GW-EM afterglows has been investigated by [11], and here we
show how lateral spreading affects the shape of the afterglow lightcurve with inclination.
For each case, we show results without lateral spreading, and with lateral spreading at the
sound-speed (e.g., [12,13]), which can be considered a physical maximum on the effects
of spreading.
In Section 2, we describe our methods for generating afterglows and fitting these
models to data. In Section 3 we show the results of our models and fits, and in Section 4 we
discuss our results and interpret these in terms of GW-EM observations. Our conclusions
are presented in Section 5.
2. Method
We generate afterglow lightcurves for a variety of fiducial jet structure models defined
by unique energy and Lorentz factor profiles with polar angle of the outflow, or jet. The
synchrotron emission from the shocked electrons within the forward shock of a relativistic
blastwave and the effects of synchrotron self absorption, which is particularly important at
very low frequencies, is calculated and the emission from the equal arrival time surface
is summed to give the total flux with observer time. We use the method developed and
utilised for the prediction of structured jet counterparts to gravitational wave detected
neutron star mergers and the modelling of the afterglow to GRB 170817A (see [2,13–19], for
details), both with and without the inclusion of lateral spreading. Generally jet structures
are divided by on-axis core emission described by a core energy and Lorentz factor along
the jet axis, and lower energy off-axis emission at angles greater than a core angle θc.
The jet structure profiles are described as:
TH Top-hat: a uniform in isotropic-equivalent kinetic energy, E, and Lorentz factor, Γ,
with angle until a sharp edge at the jet opening angle, θj ≡ θc, where the energy goes
to zero.
G Gaussian: a jet profile described by a Gaussian function with E(θ) = E(θ = 0)exp[−θ2/θ2c ],
and Γ(θ) = (Γ(θ = 0)− 1)exp[−θ2/(2θ2c )] + 1.
2C Two-component: a top-hat jet surrounded by a wider uniform region of lower energy
with E(θ > θc) = 0.1E(θ = 0), and Γ(θ > θc) = 5.
PL Powerlaw: a top-hat jet surrounded by a region where the energy and Lorentz factor
declines with increasing angle as a powerlaw, E(θ > θc) = E(θ = 0)[θ/θc]−2, and
Γ(θ > θc) = (Γ(θ = 0)− 1)[θ/θc]−2 + 1.
All jets have a maximum opening angle where energy goes to zero at θj = 0.35 except
the top-hat profile, which goes to zero at θc.
The lateral spreading prescription we use assumes a sideways expansion, that is,
perpendicular to the radial direction of the jet, at the local sound-speed, cs. The sound-
speed is found at each step in the solution for the radial dynamics of the blastwave (for
details see [13,15]), and used to calculated the change in the solid angle of the jet as it
spreads. Where lateral spreading is not included, the jet is assumed to maintain the same
solid angle throughout its lifetime, that is, it expands radially within a conic volume
described by the opening angle of the jet, θj. These two limits represent the physical
extremes of the possible lateral spreading for a relativistic jet; no lateral spread, or sound-
speed lateral spreading.
For our fiducial jet models we set identical afterglow parameters so as to better
highlight the effects of including lateral spreading on the lightcurves. Our fixed parameters
are: isotropic-equivalent kinetic energy along the jet central axis, E(θ = 0) = 1051 erg,
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initial Lorentz factor along the jet central axis, Γ(θ = 0) = 100, ambient particle number
density, n = 0.1 cm−3, microphysical parameters, εB = ε2e = 0.01, and the shocked electron
index, p = 2.5, and we fix the core angle, θc = 0.1 rad.
The afterglows for the four jet structure models, each with and without lateral spread-






where F is the flux density, and t is the observed time. We use Richardson’s extrapolation
to find the first derivative of the log F lightcurve with log t [20].
The rise index pre-afterglow peak flux is of particular interest, as this has been used to
put constraints on the line-of-sight inclination, ι, [6]. For each jet structure model we show
how the α changes with inclination at 0.3tp, where tp is the observed peak flux time. We
find tp and α(0.3tp) for all four models both with and without lateral spreading.
A real test of the effects of lateral spreading on the parameter estimation for GW-EM,
GRB afterglows is demonstrated by fitting, via Markov Chain Monte Carlo (MCMC), the
four jet structure models with/without spreading to the data from GRB 170817A—we
use the latest radio through X-ray frequency data as listed in [21–24]. For the fits to
GRB 170817A, we fix p = 2.15 (e.g., [17,25]) and allow all other parameters to vary using a
flat prior in each case as defined in Table 1. We use emcee for our MCMC [26].
Table 1. The prior range and central values for the fit parameters from the posterior distributions for
each of the jet structure models with (w) and without (wo) lateral spreading for lightcurve fits to the
broadband afterglow data to GW170817/GRB 170817A. The posterior upper and lower bounds are
represented by the 16th and 84th percentiles and the central value by the median.
log εB log εe
log n θc log E(θ = 0) Γ(θ = 0) cos ι = µunits [log cm−3] [rad] [log erg]


















































































































Figure 1 shows the afterglow lightcurves at 3 GHz for jets with our fiducial parameters
and viewed at inclination angles 0.0 ≤ ι ≤ 0.5 rad, or with our fixed θc equivalent to 0–5θc.
Each of the four panels shows the lightcurve, F(t) (top half) and α(t) (bottom half) at one
of six inclinations. The observer time is normalised in each case to the afterglow peak time,
tp, and a vertical dotted line indicates 0.3tp.
Figure 2 shows how α(0.3tp) changes with inclination for each of the four jet structures,
blue lines, both with (thick solid line) and without (thin solid line) lateral spreading. The
afterglow observed peak time for our parameters with inclination is shown with an orange
dashed line. For all inclination angles ι > θc, the lightcurve from the sound-speed lateral
spreading case rises with a larger index than the case without lateral spreading. Similarly,
we note that where the parameters of the jet are identical, the inclusion of maximal lateral
spreading acts to reduce the observed peak flux time in each case by a factor ∼2. In the case
of the two-component model, the afterglow can exhibit multiple peaks and, at our reference
time where lateral spreading is not included, is declining for ι > 3θc. The equivalent
lightcurves, which include lateral spreading, show a plateau or very shallow rise index for
some off-axis observers at t = 0.3tp. The change in rise index for the more smooth edged
Universe 2021, 7, 329 4 of 11
jet structure profiles, that is, Gaussian and powerlaw, are less extreme at t = 0.3tp with



























































Figure 1. Lightcurves and temporal index, α, evolution relative to the lightcurve peak time for four
jet structure profile models. Different line colours indicate the line-of-sight angle from the jet central
axis. Line width indicates whether lateral spreading is included or not; a thin line without spreading,
and a thick line with sound speed spreading. The vertical grey dotted line indicates t = 0.3tp, and is
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Figure 2. The temporal index at 0.3× the observed lightcurve peak time at increasing inclinations
(blue lines, left axis), and the observed lightcurve peak time for our model parameters for the cases
with and without lateral spreading (orange, right axis). The x-axis shows the inclination as a factor of
the core angle, θc = 0.1 rad. The lateral spreading model assumes a maximum sound speed sideways
expansion and so should be considered an upper limit on the effect.
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Each of these jet structure models can be fit to data from a GW-EM GRB afterglow
counterpart to see how these effects alter the inferred parameters. We fit, via MCMC, the
four jet structure profiles with and without lateral spreading. One hundred random poste-
rior sample lightcurve draws of the fits to the broadband afterglow data of GRB 170817A
are shown in Figure 3. The dotted lines show the cases with lateral spreading, whereas the
solid lines show the case without spreading. From this figure, it is clear that, generally, it is
the very late post-peak lightcurve that is most sensitive to the inclusion of lateral spreading,
as noted in [15,25]. We additionally note that the top-hat jet profile does not satisfactorily
describe the early radio and X-ray data, however, this may be due to the omission of a
non-zero shell thickness in the afterglow model or a more realistic early relaxation of the jet
structure due to lateral spreading (see [27]) although, the leading explanation for the early
afterglow data is the contribution from the wider components of a structured, relativistic jet
or the fastest components of an accompanying cocoon surrounding the jet ([14,16,25,28–30],
etc.), alternatively, energy injection into the jetted blast wave can account for the observed
































Figure 3. Afterglow lightcurve fits to the late-time afterglow to GW170817 at radio (3 and 6 GHz),
infrared and optical (Hubble Space Telescope filters F814W and F606W), and X-ray (1 keV). We use
a Markov Chain Monte Carlo (MCMC) and plot a random sample of 100 lightcurves drawn from
the posterior distributions. The four jet structures are top-hat (top left), Gaussian (top right), two-
component (bottom left), and a powerlaw (bottom right) jet structure profiles. Each panel includes
lightcurves with and without lateral spreading (dotted and solid lines respectively). Where the
models with and without lateral spreading diverge we find that, typically, the model where lateral
spreading is included will have a steeper decline immediately after the lightcurve peak—most
obvious in the case of the Gaussian jet structure profile.
The prior range and the central values for each parameter in the posterior distributions
for these lightcurves are listed in Table 1. The jet structure (the angular energy and Lorentz
factor profile) in each case is kept fixed, and results for minimal (without) lateral spreading
are compared to the results with maximum lateral spreading. Figure 4 shows the logarithm
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of the ratio of central parameter values for each parameter in our models, where individual
radial spokes correspond to the labelled parameter ratio. The radial scale indicates the
value for the log ratio of the central parameter without spreading to the value with lateral
spreading at the sound-speed; a ratio of 1 is indicated in the figure as a black dotted line.
In nearly all cases, the inclusion of lateral spreading changes the value of the parameter
distribution central value. We note that, for this dataset, the top-hat jet structure profile
shows the most consistency between central parameter values, with only the ambient
density, n, requiring a value a factor ∼3 larger when spreading is neglected. With the
exception of the top-hat profile, the inferred inclination of each system and the core opening
angle, is typically larger when lateral spreading is included. For the top-hat jet, we see
equal or consistent opening angles and all other parameters, with a marginally smaller
inclination angle when lateral spreading is included. In terms of pre-peak temporal index,
a smaller inclination angle for a given α is what is seen in Figure 2 for all jet structure
models when lateral spreading is included for a fixed parameter system. For structured jet
systems, when fit to a real dataset, the variation in the other parameters, particularly the
microphysical parameters εB and εe, plus ambient density, n, which are required to fix the
peak time and flux density, can absorb some of the expected change in inclination. However,
we note that when the ratio of inclination to core size is considered, ι/θc, a typically smaller
value is seen for all jet structure models when lateral spreading is included, compared to















Figure 4. A polar plot showing the log ratio values for each parameter from a fixed jet structure
model fit to GRB 170817A data via MCMC, without and with lateral spreading. Each parameter
distribution’s median and 16th and 84th percentile limits are listed in Table 1 for all models. The radial
arm shows the log10(wo/w) of the central posterior distribution values for the labelled parameters,
where wo is without lateral spreading and w is with maximal lateral spreading at the sound speed.
An equal ratio of one is indicated with a black dotted line. The top-hat structure is shown in purple
with a dashed line, a Gaussian jet structure is shown in aqua with a solid line, a two-component jet is
shown in green with a dot-dashed line, and a powerlaw structure is shown in red with a dotted line.
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Figure 5. The posterior distribution from MCMC fits of our four fiducial jet structure models to
GW170817 late-time afterglow data with no lateral spreading (orange) and maximal lateral spreading
(purple). The white dot and the thick black lines show the central and the 16th and 84th percentile
values for the distribution. The horizontal width is indicative of the probability distribution in ι/θc
for each model. The expected ratio for consistency with VLBI observations of superluminal motion
are 4 . ι/θc . 6 [31], red band, and where values of ι/θc < 6 can give a reasonable approximation
for the real observation angle when inferred from superluminal motion measurements via the point
approximation [11].
4. Discussion
We have made a comparison of the afterglows from identical parameter set structured
jet models with and without the inclusion of lateral spreading in the calculation of the
flux and the observation time. We have shown that, where everything else is the same, an
afterglow model that includes lateral spreading will peak earlier and, for observers viewing
the system from outside of the core opening angle, ι > θc, will have a rising lightcurve
index that is higher, in all cases, than the comparable inclination and pre-peak time for
an afterglow without lateral spreading. This is a particularly important consideration
when using afterglow modelling of the rise-index for a GW-EM counterpart to infer the
systems inclination angle. Further, we have demonstrated how the inclusion, or omission,
of lateral spreading in afterglow models can result in different preferred values for model
free-parameters when fitting to observed datasets. This is in addition to the differences in
parameters seen as a result of the jet structure choice.
Our lightcurves are calculated at an observed frequency of 3 GHz; at this frequency,
the emission can be sensitive to synchrotron self-absorption (SSA). For SSA flux post jet-
break, the temporal behaviour of the lightcurve for an on-beam observer, that is, within
the jet/core opening angle, ι < θc, or at the peak time and beyond for an initially off-axis
observer, depends sensitively on the order of the synchrotron self-absorption frequency,
νa, the characteristic frequency, νm, and the observer frequency, ν. Analytically, the pre
jet-break afterglow lightcurve, where ν < νa, the flux will evolve with time as, t1/2, for
νa < νm, and t5/4 where νm < νa. Whereas, post jet break, these two conditions become t0
and t1 for ν < νa < νm and ν < νm < νa, respectively. As νa < ν, and post jet-break, the
flux is described with t−1/3 and t−p for ν < νm and ν > νm respectively—thus the SSA flux
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post jet-break may result in a flaring flux that will increase as F ∝ t until the passage of the
characteristic frequency and/or the self-absorption frequency ν = νa. Thus, variability at,
or about the jet-break time for an on-axis observer, particularly at radio frequencies can be
expected. Whilst νa < νm, the self-absorption frequency will remain constant with observer
time, t, while νm ∝ t−3/2. When νm < νa, then νa will begin to decline with time [32,33].
For an observer at a few ∼ θc, and where the afterglow is SSA at the jet-break time (in
the on-axis frame), the peak of the afterglow (when 1/Γ ≡ (ι − θc)) will be followed by a
shallow decline phase before a break as νa crosses the observation band—for very narrow
or energetic jets, a flare or brief increase in flux before the final break may still be observed
in SSA cases. The exact SSA frequency depends sensitively on how it is estimated, a full
discussion of SSA is beyond the scope of this current work—our SSA follows that described
in [18]; for an alternative estimate, see [34].
In Figure 2 we show that for an observer at ι > θc, the peak flux for the afterglow
occurs at an earlier time where lateral spreading is included. With our maximal spreading
prescription, the peak time is a factor ∼2 earlier than the case without lateral spreading—
this factor represents the uncertainty where the degree of lateral spreading is unknown.
Whereas this difference in the peak time for jets with identical parameters, note that the
peak flux level, Fp, is unaffected by the inclusion or not of spreading, will result in different
parameter sets for identical jet models dependent on whether spreading is considered or
not. Figure 2 also shows the rise index at a fraction, 0.3, of the peak time. The same rise
index is achieved at smaller inclinations where spreading is included. Naively, this would
imply that the inclusion of spreading in a model would result in smaller inferred inclination
angles from the same dataset when compared to a non-spreading model, however, by
considering the difference in the peak time, then we can see that the other free parameters





In fitting four different jet structure models, each with and without spreading, to the
afterglow dataset for GRB 170817A via an MCMC we get distributions for the model free
parameters, see Figure 3 for a sample of the posterior distribution lightcurves. The central
and 16th and 84th percentile ranges for the parameters are listed in Table 1. Other than
through the post-peak decline, the difference in spreading or non-spreading models is not
immediately evident from these lightcurves. The difference in late-time decline is noted
in [25] and [14] in reference to breaking the model degeneracy in relation to a relativistic
core dominated jet, or a quasi-spherical stratified cocoon as the origin for the slow rising
afterglow lightcurve of GW170817 pre-peak at ∼150 days. Here, we show that, besides the
choice of jet structure (e.g., [35]), the inclusion or omission of lateral spreading will also
affect the parameter values. Figure 4 shows the log ratio of the central parameter values
for each model. The parameters with the biggest difference for the same structure profile
are the microphysical parameters, εB and εe. Of our fiducial jet structures, the powerlaw
structure has the largest difference in parameter values, and the top-hat structure has the
smallest difference with only the ambient density showing a reasonable difference at a
factor ∼3.
In terms of the inclination, which is the parameter of main interest in this study, we
note that all structures, except the top-hat, have larger preferred inclination angles ι when
spreading is included. For our sets, this should be considered in ratio with the preferred
core angle, θc. For GW170817, limits on the core size and the relativistic motion of the
jet core was constrained via Very Long Baseline Interferometry (VLBI) [36,37]. The VLBI
measurements can be used to constrain the ratio of inclination to the core size, with a
preferred ι/θc ∼ 5 ± 1 [31]. For values of ι/θc . 5, [11] showed that synthetic image
modelling can determine the true inclination angle with an uncertainty .10% on ι.
In Figure 5, we show the posterior distributions for ι/θc for each model fit to the data,
both with and without lateral spreading. We note that, although there can be significant
overlap, where lateral spreading is included the central value for the ratio ι/θc is typically
smaller than the same model without lateral spreading. Of all our models fit to the data1,
only the Gaussian structure jet without lateral spreading has the central and 16th–84th
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percentile limits for ι/θc within the expected 4–6. Inspection of the lightcurve for this model
in Figure 3 shows good agreement with the data, including the early and late-time X-ray
data as presented in [21], where we use the late data binned so that a general declining
trend is supported (and consistent with the expectation from a GRB-like afterglow). With
this non-spreading Gaussian jet structure, there is no evidence of any excess in late-time
radio or X-ray data, with an inclination of ι = 0.29 ± 0.07 rad, or ∼16.7 ± 4.0 degrees. By
considering the ι/θc ratios, both of the two-component models, with and without spreading,
have a significant overlap with the VLBI constraints. Similar to the non-spreading Gaussian
model, both of the two-component models give good agreement with the observed late-
time radio and X-ray decline, and an inclination of ι = 0.23 ± 0.01 rad (13.2 ± 0.6 degrees)
without spreading and ι = 0.32+0.22−0.02 rad (18.3
+12.6
−1.3 degrees) with lateral spreading.
The future detection of GW-EM afterglows from core dominated relativistic jets could
be used to help constrain the degree of lateral spreading in GRB afterglows; however, the
effects of jet structure choice would need to be better understood or the physically expected
jet structure for short GRB jets found (e.g., [6,38,39] and Nativi et al. in prep).
5. Conclusions
We have made comparisons of GRB and GW-EM afterglows modelled with and
without lateral spreading as seen by observers at various inclinations. We find that the
inclusion of lateral spread in the afterglow lightcurve estimation can affect the rise index
pre-peak and the peak time, where all other parameters are fixed. When fitting observed
datasets with an afterglow model, the inferred parameters depend sensitively on the choice
of jet structure but additionally on whether lateral spreading is included or not. For all
jet structure profiles tested, we find that the ratio, ι/θc, is typically smaller where lateral
spreading is included in the afterglow model. Although the ratio is smaller where lateral
spreading is included, the individual values of the inclination and core angle may be larger
in either the spreading or the non-spreading cases. We find that, for structured jets other
than a top-hat structure, θc and ι are typically larger where spreading is included. The
peak flux and peak time can depend sensitively on other free parameters in the afterglow
model, and there is no clear trend for larger or smaller values for any of these in all structure
profiles. The ratio of the parameter values with and without spreading depends more
sensitively on the choice of jet structure.
We caution that, where estimates of the inclination, ι, are made using afterglow rise
index fitting for a given jet structure profile (useful for adding additional constraints to
the Hubble parameter [8]), then these results should consider complimentary fitting of
radio images of superluminal motion, if available (e.g., [11]), or fold in the uncertainty of
inclination from the inclusion or not of a spreading prescription (which can be unique to
the structure model used). We find a factor .2 on the inclination angle, ι, from data fits
with the same jet structure profiles, dependent on whether spreading is included or not.
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Abbreviations
The following abbreviations are used in this manuscript:
GRB Gamma ray burst
GW Gravitational wave
EM Electromagnetic





MCMC Markov chain monte carlo
w With
wo Without
VLBI Very long baseline interferometry
GHz Giga-Hertz
STFC Science technology and facilities council
Note
1 We note that the powerlaw jet structure that we use follows the definition in [2] and is different to the powerlaw structure
profiles employed by [7] and [36].
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